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Abstract
The functioning of a recently developed algebraic model
for laminar to turbulent boundary layer transition under
high free-stream turbulence is illustrated [1]. The model
uses only local variables and is tuned for turbomachinery
flows. The transition model is combined with the newest
k − ω RANS turbulence model by Wilcox [2]. It takes
into account two effects in an attached pre-transitional
boundary layer: damping of short-wavelength distur-
bances induced by the free stream and breakdown of
the near-wall perturbed flow with generation of fine-scale
turbulence.
1 Physics of Transition
Transition from laminar to turbulent state in turboma-
chinery boundary layer flows is influenced by Reynolds
number, free-stream turbulence and pressure gradient.
With a turbulence level above 0.5-1 %, the free-stream
turbulence induces streamwise elongated disturbances in
the near-wall region of an attached laminar boundary
layer, termed streaks or Klebanoff modes. These are
zones of forward and backward jet-like perturbations al-
ternating in spanwise direction. The Klebanoff modes
grow downstream both in length and amplitude and fi-
nally some streaks cause turbulent spots. Transition is
then called of bypass type, which means that the insta-
bility by Tollmien-Schlichting waves is bypassed. By-
pass mechanisms are discussed by Hack and Zaki [3].
Klebanoff modes are initiated by deep penetration into
the boundary layer of low-frequency perturbations from
the free stream. The strong damping of high-frequency
components in a laminar boundary layer is called shear
sheltering. It is the stronger the higher is the shear rate.
There are two mechanisms by which the boundary layer
perturbed by streaks may become unstable. One is insta-
bility by inflection of the velocity profile in wall-normal
direction between the boundary layer edge and a low-
speed streak. The other is instability of the velocity
profile in wall normal direction in the overlap zone of
the leading edge of a high-speed streak and the trailing
edge of a low-speed streak. Both instabilities are trig-
gered by high-frequency components in the free-stream
turbulence, although these are sheltered by the bound-
ary layer. The breakdown is earlier and much faster than
with transition initiated by Tollmien-Schlichting waves.
In a boundary layer with laminar separation and
low free-stream turbulence, transition is initiated by in-
viscid Kelvin-Helmholtz instability of the laminar free
shear layer, with formation of spanwise vortices. They
group at selective streamwise wavelengths, analogous
to Tollmien-Schlichting waves in an attached bound-
ary layer [4]. The roll-up vortices break down as they
travel downstream. The breakdown process is rather
slow with low free-stream turbulence, but, under high
free-stream turbulence, the process of bypass transition
with formation of streaks in the pre-transitional attached
boundary layer prior to separation can co-exist with the
Kelvin-Helmholtz generated spanwise vortices in the sep-
arated layer. The breakdown of the vortex rolls is then
strongly accelerated by perturbations due to the Kle-
banoff modes. For sufficiently strong free-stream tur-
bulence, the Kelvin-Helmholtz instability may even be
bypassed by the breakdown of the streaks. So, a bypass
mechanism is possible in a separated shear layer, similar
as in an attached boundary layer.
2 Model for Bypass Transition
The transport equations for turbulent kinetic energy and
specific dissipation rate are
Dk
Dt
= γνsS2 − β∗kω +Diff(k) (1)
Dω
Dt
= αω
k
νsS
2 − βω2 +Diff(ω) (2)
The factor γ (see later Eq. 7) is a multiplier of the
production term in the k-equation. It is a starting
function for the production of turbulent kinetic energy.
The production term is νsS2 where νs is the small-
scale eddy viscosity (see later Eq. 5), which is part of
the full eddy viscosity vt. S is the magnitude of the
shear rate tensor S = (2SijSij)1/2, with components
Sij = 1/2(∂Ui/∂xj + ∂Uj/∂xi)− 1/3(∂Uk/∂xk)δij . The
introduction of γ and νs are the only changes for transi-
tion modelling in the k − ω model. In the laminar part
of a boundary layer, γ is set to zero. There is then no
production of k, but turbulent kinetic energy enters by
diffusion out of the free-stream flow. In the laminar part
of a boundary layer, the ω-equation stays active. This is
allowed since the ω- equation has a nonzero laminar-flow
solution for vanishing k and vanishing eddy-viscosity.
The turbulent kinetic energy k is split, based on the
model for shear sheltering by Walters and Leylek [5] and
Walters and Cokljat [6], into a small-scale part ks and a
large-scale part kl by
ks = fssk, kl = k − ks (3)
The splitting expresses that high-frequency disturbances
are damped in the outer part of a laminar boundary
layer. According to the findings of Jacobs and Durbin [7],
shear sheltering is determined by the relative importance
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of two time scales: the time scale of convection relative
to an observer inside the shear layer and the time scale
of wall-normal diffusion into the boundary layer. The
convective time scale is obviously the time scale of the
main strain τc = 1/Ω, where Ω is the magnitude of the
vorticity tensor, i.e. Ω = (2ΩijΩij)1/2, with components
Ωij = 1/2(∂Ui/∂xj − ∂Uj/∂xi). The diffusive time scale
is fundamentally l2d/ν, with ld the diffusive length scale
and ν the kinematic fluid viscosity. For fluctuations in a
laminar boundary layer, this length scale was estimated
by Walters [8], assuming proportionality between
√
k/ld,
where
√
k is the velocity scale of the fluctuations, and
the mean velocity gradient, which is Ω. This results in
ld ∼
√
k/Ω and τd ∼ k/νΩ2. The ratio of the diffusive
and convective time scales forms the Reynolds number
k/νΩ. With this Reynolds number, Walters and Cokl-
jat [6] define a shear-sheltering factor, which we employ,
by
fss = exp[−(CssνΩ/k)2] (4)
With the shear-sheltering factor, the turbulent kinetic
energy of the turbulence that penetrates the pretran-
sitional boundary layer is split into a large-scale part
and a small-scale part (Eq. 3). The large-scale or long-
wavelength part is the part that reaches wall vicinity
and causes the streaks. Fluctuations in the streaks are
dominantly unidirectional and can thus be characterized
as laminar. In the modelling approach of Walters and
Leylek [5] and Walters and Cokljat [6], this effect is ex-
pressed by two ingredients. One is that production of
turbulence in the pre-transitional boundary layer is only
due to the small-scale eddy viscosity (Eq. 1). We follow
this description. The second is by writing an equation
for laminar-fluctuation kinetic energy with a similar form
as an equation for turbulent kinetic energy, but with a
production term written with a large-scale eddy viscos-
ity. We use the expressions of small-scale and large-scale
eddy viscosities from their modelling approach, but we
do not use an equation for laminarfluctuation kinetic en-
ergy.
The eddy viscosity associated to small and large scales
is calculated in the same way as the eddy viscosity of the
original turbulence model, but by replacing k by ks and
k by kl:
νs = ks/ω˜s, with ω˜s = max(ω,Clim
√
2SijSij/as)
(5)
νl = kl/ω˜l, with ω˜l = max(ω,Clim
√
2SijSij/al)
(6)
Clim = 7/8. The constant as is 0.3, as in the original
model. The constant al is set to 0.45, which is larger than
the standard value 0.3. The reason for this augmentation
is discussed later. The resulting eddy viscosity, used in
the Navier-Stokes equations, is νt = νs + νl.
For the expression of the starting function γ, we rely
on the work of Walters and Leylek [5]. Since break-
down is induced by free-stream turbulence, it is natural
to let start up transition by a non-dimensional factor
characterising the kinetic energy of the turbulence pen-
etrating the pre-transitional boundary layer. Physically,
breakdown starts when the production rate of turbulent
perturbations inside the boundary layer exceeds their
diffusion. The onset parameter in the laminarfluctua-
tion kinetic energy model by Walters and Leylek [5] is
Rey =
√
ky/ν, where y is the distance to the nearest
wall. It may be interpreted as the ratio of the velocity
scale of the turbulence, to the velocity scale of molecular
diffusion for a diffusion length equal to the distance to
Table 1: Transition model constants. 2D and 3D means
two- and three-dimensional flow
CSS CT AT al
2.0 14.5(2D), 15.5(3D) 10.0 0.45
the wall, thus ν/y. The starting function γ is
γ = min(ζT /AT , 1); ζT = max(
√
ky/ν − CT , 0) (7)
where CT is a threshold value and AT a growth rate.
The starting function γ is zero in the inner part of a
laminar boundary layer (approximately for y/δ < 0.5).
The damping factor fSS (Eq. 4) is also small there. It
means that small-scale turbulence is suppressed by both
γ and fSS in a laminar boundary layer. The starting
function controls the small-scale turbulence production
in the near-wall region. In the fully turbulent region
both γ = 1 and fSS = 1 over most of the boundary layer
thickness. In a turbulent boundary layer, the shearshel-
tering term fSS is still active very close to a wall (near
to the viscous sublayer), but this does not change the
behaviour of the turbulence model.
In the model of Wilcox [2] the β coefficient (Eq. 2) is
β = β0fβ with β0 = 0.0708. The fβ function is intro-
duced to resolve the round-jet/plane-jet anomaly. The
limit values of fβ are 1.0 (2D flow) and 0.85 (axisym-
metric jet flow). Our observation is that fβ may be spu-
riously activated in 3D boundary layers (resulting in fβ
= 0.85), so that turbulence is then suppressed with re-
spect to 2D boundary layer flow. Transition onset is
then delayed in 3D flows with respect to 2D flows. In
the current work the model function fβ is changed to
fβS = fdγfβ + (1− fdγ), fdγ = min(fd, γ). The fd term
is the DES model shielding function by Spalart et al. [9],
and γ is the starting function (Eq. 7). We use the shield-
ing function fd as a detector of the near-wall region. This
change ensures that fβ = 1 over most of a 3D boundary
layer, so that transition onset is not altered with respect
to a 2D flow. The modification is only active near to
walls (for fd and γ close to zero, fβS = 1) and it is in-
active further away from walls (fd = γ = 1, fβS = fβ).
So the underlying turbulence model is not modified in
free-shear flows.
The algebraic transition model contains 4 constants:
CSS , CT , AT , and al (see Table 1). These parameters
have been tuned on three ERCOFTAC flat plate test
cases of the T3C series, T3C2, T3C3 and T3C5, relevant
for bypass transition.
Steady 2D (2D RANS) and unsteady 3D (3D URANS)
flow simulations of the T3C flat plates with sharp leading
edges were performed with uniform profiles of velocity, k
and ω at the inlet to the computational domain, located
0.05 m upstream of the leading edge. The parameters
CT , AT and CSS were tuned for the cases T3C5, with
transition in accelerating flow, and T3C2, with transi-
tion just after the change of accelerating flow to decel-
erating flow. A somewhat higher value of the CT con-
stant is used in 3D simulations than in 2D simulations.
With 3D URANS, there is some contribution to the mod-
elled turbulence production term by the resolved part of
the turbulence, as a result of a more fluctuating veloc-
ity field. This has as consequence that transition onset
shifts upstream in 3D unsteady flows, with respect to
2D steady flows. The parameter al in the stress limiter
of the large-scale eddy viscosity (Eq. 6) has a role for
transition in adverse pressure gradient flow. We remind
that the role of the stress limiter in the basic turbulence
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model, used here for the small-scale eddy viscosity (Eq.
5), is the adjustment of the reattachment length of a
turbulent separated boundary layer. The production of
turbulence in a turbulent free shear layer is reduced by
the limiter, as ω is spontaneously small in such a layer.
The limiting allows increasing the reattachment length
in an adverse pressure gradient flow [2]. Similarly, the
stress limiter for the large-scale eddy viscosity (Eq. 6)
reduces the production of turbulence in the outer part of
a pre-transitional boundary layer in an adverse pressure
gradient flow and delays the transition onset. The large
scale eddy-viscosity is not used directly in the produc-
tion term of the turbulent kinetic energy (Eq. 1), but
it is part of the full eddy viscosity in the Navier- Stokes
equations. Limiting of the large-scale eddy viscosity re-
sults in lower shear stress and, thus, reduced production
of turbulent kinetic energy. We set Clim = 7/8 and ad-
just al . The calibration was performed for the T3C3
case, which is characterized by a very late transition in
adverse pressure gradient flow.
3 Computational Organisation
The computational grids consist of a structured bound-
ary layer part with quadrilateral (2D) or hexahedral (3D)
cells near to walls and an unstructured part away from
walls. The grids are refined near to the walls. The y+
parameter varies between 0.1 and 0.8 along walls. Typ-
ically about 40 cells are used across the boundary layer
grid part. For 2D steady flow simulations in the cas-
cades (N3-60, T106A) grids with 1.1 − 1.3 × 105 cells
were employed. The grid density requirements are lower
for flows over the flat plates, used for tuning, where grids
with 0.8 × 105 cells were used. The 3D grids are gener-
ated by projection of the 2D meshes in the spanwise z-
direction. The width of the computational domain was
set to Lz = 0.12C in z-direction (C means the chord
length or length of the plate). This width was chosen
based on the work of Lardeau et al. [10], who performed
LES of the flow over part of a compressor blade at a com-
parable Reynolds number by setting Lz = 0.12C. They
showed that such a spanwise width is sufficient for re-
solving the three-dimensional instability and breakdown
to turbulence of a separated laminar boundary layer.
30 grid cells were used uniformly distributed in span-
wise direction in all 3D cases. The 3D grids consist of
3.3 − 3.9 × 106 cells for cascades and 2.4 × 106 cells for
flat plates. We take into account that 3D URANS can re-
solve instability of a separated boundary layer, provided
that the eddy viscosity by the turbulence model is at a
very low value. Actually, this then means functioning of
3D URANS as LES, which, of course, requires sufficient
resolution in space and time and sufficient accuracy of
the discretisation.
4 N3-60 Cascade
We first illustrate the performance of the model for tran-
sition in attached boundary layer state (2D RANS and
3D URANS) and in laminar boundary layer separation
state (3D URANS) with the N3-60 cascade, measured
by Zarzycki and Elsner [11]. The N3-60 profile is the en-
larged profile of a stator vane in the high pressure part
of a steam turbine. Geometric data are: blade chord 300
mm, axial blade chord 203.65 mm, blade pitch 240 mm.
The exit velocity is Ue = 30m/s, which gives an exit
Reynolds number of 6 × 105. Measurements are avail-
able for inflow turbulence Tu = 3% and Tu = 0.4% in
Figure 1: N3-60 cascade. Turbulence intensity along the
suction side of the blade at distance 10 mm from the
blade surface for Tu = 3% and Tu = 0.4%
the leading edge plane. Laminar separation occurs at
the suction side for Tu = 0.4%.
At the inlet to the computational domain, placed at
0.34 times the axial chord length upstream of the leading
edge, a uniform flow velocity in the axial direction was
imposed. The inlet turbulence intensity in the leading
edge plane was set, according to the two sets of exper-
imental data. The inlet turbulent length scale was not
reported in the measurements. For Tu = 3%, the in-
let turbulent length scale was adjusted by matching the
measured turbulence intensity at a distance of 10mm
from the blade surface (this is above the boundary layer
edge). The obtained turbulent length scale is 9mm for
Tu = 3%. Fig. 1 shows the comparison between com-
puted and measured turbulence intensity. The agree-
ment is reasonably good which means that the inlet con-
ditions for the modelled scalars have been set correctly.
For low turbulence level at inlet (Tu = 0.4%), the
evolution of the free-stream turbulence along the blade
surface is not available in the database. We assume a
smaller length scale at the entrance to the cascade than
for high inlet turbulence level since no turbulence grid
was installed in the laboratory measurements. We select
lt = 2mm, but we show later (for the T106A cascade)
that results for transition in separated state are not very
sensitive to the turbulent length scale. Fig. 1 shows the
turbulent intensity at 10 mm above the blade surface for
Tu = 0.4% obtained in the 3D URANS simulation. At
the leading edge of the blade (S/S0 = 0) the turbulence
intensity decays sharply from 0.5-0.4% to 0.2%.
Fig. 2 shows time-averaged modelled turbulent kinetic
energy for Tu = 3% (resolved turbulent kinetic energy
is very small in this case; not shown) and the compar-
ison between computed and measured shape factor H
along the suction side of the blade. The transition on-
set (S/S0 = 0.75) and the growth rate in the transition
region are reproduced correctly with the current model.
Fig. 3 (top) shows time-averaged resolved turbulent
kinetic energy for Tu = 0.4%. The level of modelled
k, is very low everywhere (not shown). Transition is
obtained by resolved instability and onset of breakdown
of the vortex structures originating from roll-up of the
separated boundary layer. So nothing specific is done to
trigger transition. The starting function γ is very low in
the boundary layer along the full length of the suction
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Figure 2: N3-60 cascade, Tu = 3%. 3D URANS. Time-
averaged modelled turbulent kinetic energy (top) and
shape factor along the suction side of the blade (bottom)
side (not shown). It means that the role of the transition
model is shielding the laminar and separated parts of the
boundary layer from free-stream disturbances and that
the transition process is resolved. So, the role of the
transition model becomes very secondary. The shape
factor distribution is shown in Fig. 3 (bottom). The
agreement between measurement and simulation is good.
5 T106A Cascade
Computations were performed on the T106A cascade,
measured by Opoka et al. [12]. The T106A profile is the
enlarged profile of an LP gas turbine blade. Geometric
data are: blade chord 198 mm, axial blade chord 170
mm, blade pitch 158.2 mm. The measured inflow angle
is 37.7◦. The exit Reynolds number is 1.6 × 105. Mea-
surements are available for inflow turbulence Tu = 4%
and Tu = 0.5% in the leading edge plane. Laminar sep-
aration occurs at the suction side for Tu = 0.5%. Due
to the rather low Reynolds number, the flow is prone to
separation for Tu = 4%.
Both cases were simulated by time-accurate 3D
URANS. A steady 2D RANS simulation was also done
for Tu = 4%. The inlet to the computational domain was
set at 0.62 times the axial chord upstream of the leading
edge. The inflow angle was set to 39.7◦, which is 2◦ more
Figure 3: N3-60 cascade, Tu = 0.4%. 3D URANS.
Time-averaged resolved turbulent kinetic energy (top)
and shape factor along the suction side of the blade (bot-
tom)
than in the experiments, in order to match the pressure
distribution on the profile (not shown). The need for a
corrected inlet angle comes from flow leakage through
the slots of a bar-passing mechanism at the entrance to
the cascade in the experiments.
There is no information in the experiments on the tur-
bulent length scale. In the computations, the inlet val-
ues of the turbulent kinetic energy were adjusted such
that the turbulence intensity at distance 10 mm from
the suction-side blade surface in the leading edge plane
was equal to 4.0% and 0.5%. The inlet turbulent length
scale was estimated based on a series of 2D RANS simu-
lations with Tu = 4.0%. Tests allowed to identify a range
of turbulent length scales for which the transition model
shows strong sensitivity (lt = 5 − 10mm). From this
dataset we selected lt = 7mm. We cannot reproduce the
inlet conditions with full confidence due to insufficient
information about the experiments. A smaller turbulent
length scale is needed with Tu = 0.5%, since in the ex-
periments the turbulence grid was removed. We selected
lt = 2mm. But for Tu = 0.5%, results are not sensitive
to turbulent length scale, as we show with the later Fig.
5 (bottom).
Fig. 4 (top) shows time-averaged modelled turbulent
kinetic energy for Tu = 4% (resolved turbulent kinetic
energy is very small; not shown). There is turbulence
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Figure 4: T106A cascade, Tu = 4.0%. 3D URANS.
Time-averaged modelled turbulent kinetic energy (top)
and shape factor along the suction side of the blade (bot-
tom)
production due to shear at the suction side of a blade,
already starting at the leading edge. It means that the
turbulence level at the position of the transition is de-
termined by both the oncoming turbulence and the tur-
bulence produced in vicinity of the suction side. Fig.
4 (bottom) shows the shape factor on the suction side
obtained with 2D RANS and 3D URANS for Tu = 4%.
The transition is of bypass type but the flow is prone to
separation. Both results are in good agreement with the
experiments and are also very close to each other. The
growth rate of the turbulent production in the transi-
tional flow region (S/S0 = 0.8) is properly reproduced
by the present model.
Fig. 5 (top) shows time-averaged resolved turbulent
kinetic energy for Tu = 0.5%. The level of modelled k,
is very low everywhere (not shown). Similarly as for the
low Tu-case with the N3-60 profile, transition is obtained
by resolved instability and onset of breakdown of the vor-
tex structures originating from roll-up of the separated
boundary layer. Fig. 5 (bottom) shows the compari-
son of the shape factor from measurements and compu-
tations with 3D URANS for Tu = 0.5%. In this case,
the transition occurs in the separated laminar boundary
Figure 5: T106A cascade, Tu = 0.5%. 3D URANS.
Time-averaged resolved turbulent kinetic energy (top)
and shape factor along the suction side of the blade (bot-
tom)
layer. Changing the turbulent length scale from 2 mm
to 10 mm causes only a small change in the shape factor
distribution. The separation is somewhat later, but the
transition in the separated boundary layer is somewhat
faster with lt = 10mm than with 2mm. In this case,
the role of the underlying turbulence/transition model
is much less than in the high turbulence case. It also
means that in flows with strong laminar boundary layer
separation at low free-stream turbulence a change of the
inlet turbulent length scale has much less influence on
the transition onset location than in attached boundary
layer flows at high free-stream turbulence. The above re-
sults indicate that 2D RANS and 2D URANS cannot be
successful for transition in separated state at low free-
stream turbulence, since 2D simulations cannot detect
three-dimensional instability and breakdown.
6 Conclusions
An algebraic model has been illustrated for simulation
of bypass transition. The model requires only local vari-
ables and is coupled with the newest version of the k−ω
RANS turbulence model by Wilcox.
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The model gives good results for transition in bound-
ary layers in attached state (N3-60 cascade, Tu = 3%),
state prone to separation (T106A cascade, Tu = 4%)
and separated state (N3-60 cascade, Tu = 0.4%; T106A
cascade, Tu = 0.5%). The 3D URANS technique is suc-
cessful for transition simulation in a separated laminar
boundary layer at low free-stream turbulence level ow-
ing to its ability to resolve the instability of the vortex
structures in the separated shear layer.
.
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